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We report Monte Carlo simulations of the self-assembly of supramoleular polymers based on a
model of pathy partiles. We nd a rst-order phase transition, haraterized by hysteresis and
nuleation, toward a solid bundle of polymers, of length muh greater than the average gas phase
length. We argue that the bundling transition is the supramoleular equivalent of the sublimation
transition, that results from a weak hain-hain interation. We provide a qualitative equation of
state that gives physial insight beyond the spei values of the parameters used in our simulations.
Self-assembly is an ative eld of researh, driven
by the desire to design new materials. Understand-
ing the rules of self-assembly has been dened as the
hallenge for hemistry of this entury[1℄. The large
moleules involved in self-assembly spontaneously orga-
nize beause of highly spei interations like hydropho-
bi/hydrophili, hydrogen bonding, Coulomb interation
and π − π-staking. Modeling these self-assembly pro-
esses using oarse-grained models, suh as the pathy
partile[2℄, has the potential to yield theoretial insight.
Up to now, pathy-partile models have mostly been used
to desribe the self-assembly of funtionalized olloids for
photoni rystals[3℄, and to study the formation of self-
assembled lusters[4℄.
Here, we fous on linear supramoleular self-organi-
zation, suh as the reversible aggregation of aromati
moleules and disoti proteins into supramoleular poly-
mers, whih has been the subjet of several experimen-
tal studies[5, 6, 7℄. In this ontext, Siortino et al.[2℄
have shown that the rst-order Wertheim Thermody-
nami Perturbation Theory (WTPT) of assoiating liq-
uids aurately predits the hain-length distribution by
omparing the WTPT to simulations of simple square-
well pathy partiles. One step beyond linear polymer-
ization is the assoiation of supramoleular hains into
bundles [5, 6, 7℄, a problem that neither the WTPT, nor
the square-well pathy partile, an deal with, sine it
requires hain-hain interations.
In this Letter we present Monte Carlo simulations of
a type of pathy partile that, by dereasing tempera-
ture or inreasing density, rst polymerizes into hains
and subsequently undergoes a phase transition toward
bundles of these hains. We interpret this bundling as a
sublimation transition from a polymer gas to a solid bun-
dle. This sublimation ompetes with polymerization and
gives rise to non-trivial phase behavior. We propose a
simple thermodynami model to desribe the transition.
Our model is a oarse-grained representation of a dis-
like, aromati moleule and onsists of hard spheres
of diameter σ, dressed by two opposing pathes. The
orientationally-dependent path potential allows not only
for hain formation, but also exhibits a weak hain-hain
Figure 1: a) Geometry of the pathes. θi is the angle between
the diretion ~pi of path i and the interpartile vetor ~rij =
~rj − ~ri. θj is the angle between the diretion ~pj of path j
and ~rji = − ~rij . θij is the angle between ~pj and −~pi. b)
Path potential for three values of θj for w = 0.4. Notie that
the minimum at −1 ours for θi = θj = θij = 0, and that
it dereases rapidly for inreasing angles. The partiles are
depited at half their size for larity.
interation. The path potential between path i direted
along the vetor ~pi and path j with diretion vetor ~pj ,
illustrated in Fig. 1, is given by a Lennard-Jones poten-
tial of the interpartile distane r = |~rij | modulated by
three diretional omponents
V (r, θi, θj, θij) = 4ǫ
[(σ
r
)12
−
(σ
r
)6]
exp
[
−θ
2
i + θ
2
j + θ
2
ij
4w2
]
(1)
where ǫ is the maximum energy of interation, and w pe-
nalizes non-perfet alignment. We trunate V (r) of Eq. 1
at rc = 2.3σ and shift and resale it to have V (rc) = 0
and V (21/6σ) = −ǫ. The rst two diretional ompo-
nents favor minimization of the angle θi between the
path diretion ~pi of path i and the interpartile ve-
tor ~rij , and of the angle θj between ~pj and ~rji = −~rij .
2The third omponent minimizes the angle θij between ~pj
and −~pi, favoring parallel alignment of the pathes. This
potential has three advantages ompared to a square-
well path potential[2℄. First, it allows multiple bonds
without inreasing the energy per interation site in dis-
rete steps. This feature introdues a slight interation
between moleules in neighboring hains. Seond, the de-
sired parallel alignment of neighboring pathes prevents
branhing (and therefore network formation) of the poly-
mers. Finally, it allows us to tune the exibility of a
supramoleular hain. One an show that w is a measure
of the hain exibility, by alulating the bending rigidity
κ, and hene the persistene length lp of a hain [8℄
E
bend
=
κ
2
∫ L
0
1
R(s)2
ds ⇒ κ = 2 16 3σǫ
4w2
, and lp ≡ βκ
where β = (kBT )
−1
, L is the hain length, and R(s)
is the hain radius at s. For example, the oligo(p-
phenylenevinylene)-derivative OPV-4 in dodeane has
lp = 150nm at 300K, whih, for a moleule separation of
σ = 0.35nm and a bonding energy of 56kJ/mol[6℄ yields
w ≈ 0.2.
We study the thermodynami equilibrium of a sys-
tem of M pathy partiles in a simulation box of volume
V with periodi boundary onditions at temperature T
by Monte Carlo simulations. The system is equilibrated
by performing moves and rotations of single moleules,
and of whole hains. In addition, we perform reptation
moves. We note that we an simulate a limited tem-
perature range (kBT & 0.04ǫ) as at lower temperatures
the probability of removing a moleule from a hain by
a simple Monte Carlo move vanishes. We hoose to on-
sider moleules bonded if they interat with an energy
V < −0.3ǫ. Contrary to the square-well path poten-
tial [2℄, the potential of Eq.1 makes the average energy
per bond E
bond
temperature dependent. We nd that
equipartition (i.e. E
bond
= −ǫ + 3kBT ) applies up to
kBT . 0.07ǫ where Ebond ∼ −0.79ǫ.
Supramoleular polymerization is reversible and there
exists an equilibrium density ρ(N) of hains with length
N , with N = 1, 2, . . . ,∞. The total density is given by
ρ =
∑
∞
N=1Nρ(N). The average hain length N¯ , and the
aggregation fration η are dened as [9℄
N¯ ≡
∑
∞
N=1Nρ(N)∑
∞
N=1 ρ(N)
, η ≡
∑
∞
N=2Nρ(N)∑
∞
N=1Nρ(N)
= 1− 1
N¯2
. (2)
The fration of sites that are not bondedX , is given by[2℄
X =
∑
∞
N=1 2ρ(N)∑
∞
N=1 2Nρ(N)
=
1
N¯
, (3)
where the fators 2 appear beause eah moleule has two
possible bonding sites. In the ideal free-assoiation (IFA)
model[9℄ the polymers form an ideal gas, and eah bond
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Figure 2: The aggregation fration η (Eq. 2) as a fun-
tion of temperature for several values of the exibility w for
M = 1330, ρ = 1.13·10−3 . η = 1/2 denes the polymerization
temperature T ∗, indiated by an asterisk on the orrespond-
ing urves and on the horizontal axis. At w = 0.4 a transition
from a gas of hains, to a solid bundle at kBT = 0.057ǫ is in-
diated by the dotted line. The symbols denote simulation re-
sults, the solid line is the WTPT. For omparison the dashed
line shows a t of the IFA-model to the urve of w = 0.3, with
v = 1.4 · 10−4σ3 and G = 0.91ǫ.
lowers the energy by a disrete amount ǫ. This results in
ρ(N) ∼ ρ(1)N , and gives
N¯ =
1
2
+
1
2
√
1 + 4ρv exp(βG), (4)
where G . ǫ is an eetive free energy per bond
and v is a bonding volume. Both parameters are not
known a priori, and are usually tted to the average
hain lengths, determined by e.g. irular dihroism
measurements[6℄. The WTPT inludes the spatial ex-
tension of the moleules [10℄ negleted in the IFA-model,
by alulating a referene hard sphere free energy and
adding the attrative ontribution of the pair potential.
WTPT also assumes that no rings an be formed and
that only one interation per attrative site is possible.
The average hain length predited by the WTPT is for-
mally equal to the IFA-result of Eq. 4 if
∆ ≡ 4π
∫
g
rep
(r) 〈exp(−βV
att
(r)) − 1〉ω1,ω2 r2dr
=
v
2
exp(βG) (5)
where ∆ involves a single site-site interation, and is re-
lated to the seond virial oeient[2℄, 〈.〉ω1,ω2 denotes
an average over all orientations ω1 and ω2 of the two
moleules, g
rep
(r) is the pair orrelation funtion of the
hard-sphere part of the potential, and V
att
(r) is the at-
3trative part. At low densities and temperatures the IFA-
model and the WTPT are equivalent, and in that ase,
for the square-well pathy partile of Ref. [2℄, G is simply
the well depth and v an be alulated analytially.
In Figure 2 we ompare the aggregation fration η as a
funtion of temperature T for several values of the exi-
bility w to the predition of the WTPT with g
rep
(r) = 1,
appropriate at low densities, and ∆ from Eq. 5 numer-
ially alulated. The remarkable agreement with sim-
ulations shows that the WTPT also holds for smoothly
varying potentials on a hard sphere. For omparison we
also show a t of the IFA-model, that deviates at higher
temperatures due to the temperature dependene of the
assoiation energy. We nd (not shown) that this de-
viation redues with dereasing w, and is negligible for
w = 0.1. The polymerization temperature T ∗, dened as
the temperature where half of the moleules in the system
has aggregated, i.e. where η(T ∗) = 1
2
, inreases with w.
This rise in T ∗ is due to an inrease in available bonding
volume v, or, equivalently, beause a transition from an
unbound to a bound state osts less entropy for a more
exible hain. For w = 0.4 and kBT < 0.058ǫ the ag-
gregation fration suddenly jumps to η ∼ 1. The hains
have bundled, with a onomitant inrease of the aver-
age hain length and a strong depletion of the gas density.
Suh a sudden inrease of aggregation, not aounted for
by polymerization theory, has reently been observed for
the OPV-4 moleule[6℄. Moreover, the transition is rem-
inisent of one of the assembly pathways suggested for
the formation of amyloid brils [11℄.
In Fig. 3 we examine the bundling transition in more
detail. Figures 3a and 3b show the dramati dier-
ene between a bundled and a polymer gas onguration,
while the temperatures dier by only kB∆T = 0.01ǫ.
In the bundle the individual hains remain identiable,
with no bridging onnetions between hains. Visual
inspetion of ongurations in the proess of bundling,
shows that when three hains ome together, they remain
bonded and suddenly grow in length, suggesting a nule-
ation mehanism. In Figure 3 the average hain length
N¯ is shown as a funtion of temperature for w = 0.4,
where the bundling transition is visible as a sharp jump.
The dashed line represents systems heated up from a
bundled onguration at kBT = 0.057ǫ. This hystere-
sis together with the nuleation mehanism, is evidene
for a rst order phase transition. We identify the a-
tual bundling temperature Tb at the high end of the
hysteresis-loop, at kBTb ≈ 0.065ǫ. Nevertheless, only
at kBT = 0.057ǫ the ritial nuleus is small enough to
appear spontaneously during the duration of one simu-
lation. In the inset of Fig. 3 we show N¯ as a funtion
of T for several values of w. Although a stier hain
loses less entropy upon bundling than a exible one, Tb
inreases with exibility w, similar to T ∗. The transi-
tion is thus not driven by entropy, but by the interation
energy of neighboring hains (Eq. 1) that, at large θ,
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Figure 3: a) Top panels: representative onguration for
w = 0.4 at two very lose temperatures. M , ρ as in Fig. 2.
a) kBT = 0.057ǫ, where a solid bundle has nuleated. b)
kBT = 0.058ǫ where the system is still a polymer gas. )
Average hain length N¯ as a funtion of temperature for
w = 0.4. The solid line shows the jump of the hain length
for kBT ∼ 0.057ǫ on ooling. The dashed line shows the hys-
teresis of the transition while raising the temperature from an
equilibrated system initially at kBT = 0.057ǫ. Inset: Same
urve for several values of w. No hysteresis loop is shown.
Notie that the bundling temperature inreases with w.
inreases with w. Assuming that the pathes in neigh-
boring hains are perfetly aligned, the smallest angle θi
between moleules in neighboring hains is of the order
θi ∼ arctan(2− 16 ) ≈ 0.73rad or 42◦. For w . 0.15 this
lateral interation is negligible (θi/2w ≈ 2.4). Inreasing
w also inreases the available lateral bonding volume, de-
reasing the entropy loss upon bundling.
We interpret the bundling as a sublimation transition,
from a gas of polymers to a solid bundle. To derive an
approximate equation of state, we equate the hemial
potential µ
sol
of a bundle to that of a polymer gas µ
gas
.
Using the IFA-model we an derive
µ
gas
=
∂F
∂M
= kBT ln
(
vρ
Z1
)
− 2β−1 ln N¯ (6)
where the rst term on the right hand side is the hemial
potential of an ideal gas of monomers with internal par-
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Figure 4: The gas solid oexistene line (sublimation line)
with G = 0.8ǫ, Z1 = 1, ǫ
solid
= −1.3 for w = 0.4, v = 3e−3σ3,
and ρ = 0.0013σ−3 tted to kBT
∗
= 0.065ǫ resulting in k =
2.1 · 103ǫσ−2. The solid line is alulated from Eq. 8, the
dotted line from 9, the dashed line from Eq. 10. In the inset
we show the same, but on a linear density sale.
tition funtion Z1. For our rigid moleules, Z1 = 1. As a
rst approximation, we model the bundle by an Einstein
rystal[12℄ with
µ
sol
= ǫ
sol
+ kBT
[
ln
(
Λ3
σ3
)
+
3
2
ln
(
kσ2
2πkBT
)]
(7)
where ǫ
sol
is the well depth, inluding the assoiation
energy G and the various hain-hain interations of a
moleule in the bundle. Furthermore, k is the spring on-
stant of the Einstein rystal. We replae the de Broglie
wavelength term with the bonding volume Λ3 = v, as
was done to derive the IFA-model. We measure ǫ
sol
in
a simulated bundle and t k to the sublimation transi-
tion of Fig. 3 (ρ = 3 · 103σ−3, kBTb = 0.065ǫ). Solving
µ
gas
= µ
sol
yields the sublimation density ρp
sub
(β)
ρp
sub
(β) =
exp(−βµ
sol
)Z1
v [Z1 exp(βG) − exp(−βµsol)]2
. (8)
Equating the hemial potential of an ideal gas to µ
sol
of
Eq. 7 results in the sublimation line for an ideal gas of
monomers ρm
sub
(β)
ρm
sub
(β) =
(
βk
2π
) 3
2
exp(βǫ
solid
) (9)
It is useful to also dene the density at the polymerization
temperature ρ∗ = ρ(T ∗), by ombining Eqs. 2 and 4
η(T ∗) =
1
2
⇒ ρ∗ =
(
2−
√
2
)
v−1 exp(−βG). (10)
Comparison of ρp
sub
to ρ∗ allows us to estimate whether
the sublimation transition is dominated by the bundling
of polymers (Eq. 8), or of monomers (Eq. 9).
In Figure 4 we ompare the sublimation line of a poly-
mer gas ρp
sub
to that of an ideal gas of monomers ρm
sub
in
oexistene with the same Einstein rystal, and the poly-
merization line ρ∗. At low densities ρp
sub
∼ ρm
sub
, beause
the transition from gas to solid ours at a higher tem-
perature than polymerization, i.e. Tb > T
∗
. The subli-
mation lines dier at higher densities, beause µ
gas
tends
to the binding energy G, whereas the hemial potential
of an ideal monomer gas tends to zero. At high densi-
ties polymerization ours at higher temperatures than
bundling, i.e. Tb < T
∗
. Sublimation requires ǫ
sol
< −G.
As dereasing w lowers ǫ
sol
, we expet a shift of the sub-
limation line ρ
sub
to lower temperatures, inreasing the
polymer-dominated regime. When the lateral intera-
tions vanish, i.e. below w = 0.15, the bundling transition
will ompletely disappear.
In summary, we have presented a model based on
pathy partiles, that desribes supramoleular polymer-
ization and displays a rst order phase transition to bun-
dles, due to weak hain-hain interations. The hain-to-
bundle transition an be seen as a sublimation transition
from a polymer gas to a solid bundle, for whih we have
been able to give a qualitative equation of state. We
have related the ourrene of the phase transition to
the exibility of the supramoleular polymer. Our simu-
lations show that bundling leads to a sudden inrease of
the average length of the aggregates, as experimentally
observed in dierent polymerizing systems, from OPV-4
to amyloids.
We believe that the pathy partile is a exible, power-
ful tool for eient modeling of omplex, self-assembling
systems that an be adjusted at will by inluding more
spei, e.g. hiral, hain-hain interations.
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